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Problem 1

The problem is similar to problem 6 from the previous homework. We find using the quadratic formula and

the substitution y = 22 that the roots of this polynomial are +1/5 & 21/6. Let us show that this polynomial
is irreducible in Z, and therefore Q Assuming that the quartic could be factored into two quadratics (2% +
br + ¢)(2? + dx + e), yields the following system:

b+d=0

ct+te+bd=0
ce=1

This system allows us to arrive at the contradiction b = v/2,1/2i. Thus the polynomial is irreducible. Also,

we have that v/5 4 2v/6v/5 — 2v/6 = 1 and hence Q(V5+2v6) = Q(v/5 — 2v6) and thus Q(v/5 + 2v/6)

is the splitting field of this polynomial. Thus, since the degree of this extension is 4, we have that

|Gal(Q(V/5 — 2v/6)/Q)| = 4, and therefore it is either V or Z4. Consider the 4 maps in Gal(Q(v/5 — 2v/6)/Q)

Id:\/5+2\/6% \/5+2x/6

o1:\/54+2V6 — —\/5+2V6

02:\/5+2\/6—> \/5—2\/6

o3:\/5+2V6 — —\/5-2V6
We first have:
o? <\/5+2\/6> =0 (— 5+2\/6> = o1(~1)oy (\/5+2¢6> = \/5+2\/5=Id(\/5+2\/5)

Due to the relations \/5 + 2\/6\/5 —-2V6 =1, (—\/5 + 2\/6)(—\/5 —2v/6) = 1, we observe that:

o3 (sarts +2v6) = o2(y/5 - 2/6) = 02(\;52(;)2\/6) - _1 —= /5 +2V6 = Id(V5 + 2V/6)

Hence, since we have at least 2 elements of order 2, this is the Klein 4 group, and it is generated by o1, o2,
as it can be computed that o1 0 09 = 3.



Problem 2

f(x) = 2% + 2 + 1 is irreducible in Zy[z], since neither z = 0,1 is a root. Therefore, we by Kronecker’s
theorem, we have that Zs[z]/f(z) = Za(«) for « such that f(a) = 0. We claim that Zs(«) is a splitting
field. Notice that the elements of Zs are of the form a + ba + ca? with a,b,c € Z,. By the fact that
f(a) = a®+ a+1 =0 we obtain the relation a® = a + 1. Thus, we find that:

f@®+a)=(*+a)P =(a*+a?)(®+a)+®+a+1=(ala+l)+aH)(?+a)+a’ +a+1=
al@d®+a)+al+atl=a+1+a?+a?+a+1=0
Also:
fl@)=(@®)P+a?+1=c’*+a’+1=(a+)(a+)+a’+1=a’+1+a’+1=0

We claim that since this extension is degree 3, by transitivity of degree since 3 is prime, there can be no
smaller field containing these roots. Since Zg(a) = Fos, Zo()/Zo is Galois and from the previous homework
we have that Gal(Zqs /Z) = Zs.

Problem 3

We know that by the Galois Correspondence, L corresponds to the group G(K/L) C G(K/F). Suppose
that some « € L, and call f = irr(a, F). We can show that L/F is Galois, by showing that any / such that
f(B) = 0 must be in L. This is equivalent to showing that for any o € G(K /L), o(8) = 8. We proceed using
contradiction. Suppose there exists some 5 conjugate to a, o € G(K /L) such that o(8) =~ # 8. Consider
the isomorphism 7 between F(«) and F(5) over F such that 7(a) = 8. Since K/F is Galois, this can be
extended to an automorphism 7/ € G(K/F). Since we have that G(K/F) is Abelian, and 7/, 0,€ G(K/F)

o(r'(a)) = 7'(0(a))

v=0(B)#7 () =B
but this is a contradiction. Thus, 8 € L and L/F is Galois.
The shorter proof is that any subgroup of an Abelian group will be normal, and normal subgroups correspond
to normal extensions and as we have not addressed separability in the class these are Galois extensions. This
felt too immediate for me so I gave the previous proof.

Problem 4
Problem 5

a) We can solve this problem using Vieta’s formulas:
(z1 + 20 +23)? = 23 + 23 + 23 + 2(v120 + T173 + ToT3)
Observe that z1xo+x123+ 2223 = —6 and 1 +x2+2x3 = 0 by Vieta’s formulas. Hence, x% —|—x§ —|—x§ =12.

b) We can again solve this problem using Vieta’s formula:

1 1 1 T1Xo + 123 + Tox3
X1 Xro X3 T1T2T3
By Vieta’s formulas we have z1x9 4+ x123 + 203 = —6 and x1x2x3 = 7. Hence this quantity is —g.

¢) Given that x; + x2 + 3 = 0, we have that:

Ty X2 X1 T3 T2 X3 X1+Ty T1+T3 X2+x3 —T3 —Ty —I1
B T . T A + + = + + =—-1+-14-1=3
€2 1 €3 T1 x3 €2 €3 Z2 1 x3 Z2 T1




Problem 6

a) We have that:
LiLy = (a1 + was + w?as) (g + w?as 4+ was)

L1Ly = ozf + wzoqozg + waias + waias + oz% + w2a2a3 + wzalag + wasasg + ozg
Simplifying:
LiLy =a? +a2+ ozg +w(aran + atas + asas) + w(arag + ajas + agas)
Using w +w? +1 =0 gives w + w? = —1
LiLy = a% + a% + ag — (109 + aas + asas)
From b5a,
LlLQ = (Oél -+ (6%) -+ Oég)2 — 3(0[10[2 + 103 -+ OtQOég)
Applying Vieta gives:
LiLy = —-3p
b) Computation gives:
(Ly+ Lo)® = L3 +3L3 Ly + 3L, L3 + L3
(L1 + L) = 3L1(=3p) — 3La(—3p) = Li + L3
(g — g — a3)® — 3Ly (—3p) — 3La(—3p) = L3 + L3
(20[1)3 + 9p(L1 + LQ) = L? + Lg
(201)% + (201 — g — a3) = L3 + L3
(201)° + 27p(ay) = L} + L
8ad +27pay = L3 + L3



